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Subcritical Swirling Flows in Convergent, Annular Nozzles
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A quasieylindrical theory is developed for subcritical, inviscid, swirling flows in annular nozzles and extended
to include nonuniiorm stagnation conditions. A small perturbation theory is also developed and shown to give
remarkably good agreement, even for high swirl levels. The effects on mass flow rate, impulse function, and
thrust of different swirl velocity profiles are investigated for a typical turbofan geometry, with nonswirling core
riozzle flow, at differing nozzle pressure ratios. Specific thrust is found to decrease with swirl. The rate of decay
depends on the swirl velocity profile, and the relative effects of different swirl profiles depend on the basis of

184

comparison.

Nomenclature

a = speed of sound
A = area of nozzle
A...E = coefficients used in thrust equation, Eq. (11)
A, = 7R?
Cpn = mass flux coefficient
C, = impulse function
Cpe = Dy _pa)/l/ZPVI'%
Cy = coefficient of specific thrust
C; = coefficient of thrust
F,, F, = coefficients used in thrust equation, Eq. (11)
h = enthalpy
I, = integral given in Eq. (16)
p = pressure
q = total velocity (Vv? + w?)
Q =q/ax
r = radial coordinate
R, = outer radius of fan nozzle, Fig. 1
R, = outer radius of core nozzle, Fig. 1
R = outer radius of fan stream at plane 2, Fig. 1
R; = inner radius of fan nozzle, Fig. 1
s = entropy

S, Sa, Sp, Sp,

S1, S2, 83 = swirl parameters, Eqgs. (2, 13, 14, 17, and 25)

S’ = [§ wor?dr/(R,[§e w?r dr)

t = thrust

T = temperature

v = swirl velocity

Vg = flight velocity

| 4 =v/ax

VF = vp/ a s,

w = axial velocity

w =W/«

¥ = ratio of specific heats

dpo = local departure of stagnation pressure from
reference (lip) value, Eq. (19)

Apy = total variation of stagnation pressure for
linear profile, Eq. (26)

AP = Apy/Poe
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0 = swirl angle

A = nozzle lip pressure ratio parameter, Eq. (14)

£ = nondimensionalized radius r/R,

p = density

Subscripts

a = ambient conditions

b = conditions in éxternal stream at fan nozzle lip

c = conditions in core stream

cowl = conditions on afterbody cowl, Fig. 1

e = conditions at fan nozzle lip

e = conditions on outside of fan stream at station
2, Fig. 1

ex = conditions at core nozzle lip

S = conditions in fan stream

i = conditions on inside of fan nozzle

max = maximum value

0 = stagnation conditions

1 = fan nozzle exit plane, Fig. 1

2 = conditions in fan stream at core nozzle exit
plane, Fig. 1

= critical conditions

Introduction

ONVERGENT, anniular propulsion nozzles are widely

used for the fan stream of high-bypass-ratio turbofan
engines. There is an interest in determining the effects of swirl
on such nozzles due to the presence of residual swirl from the
fan. Furthermore, earlier studies, !5 which were aimed at noise
reduction,®’ showed the possibility of using swirl to control
mass flow with minimal effect on specific thrust. This may be
useful in influencing off-design performance?.

Effects of swirl can be investigated most réadily by extend-
ing the classical quasicylindrical theory for compressible, in-
viscid nozzle flows. Such an approach models pressure gradi-
ents due to swirl but neglects those due to streamline curvature
and so is strictly applicable only to slender nozzles or domi-
nant swirl. It is, however, satisfactory for the purposes of a
feasibility study, particularly since wall curvature opposes
swirl (so that the present method tends to overestimate swirl
effects). To investigate the effects of fan residual swirl, the
theory needs to be extended further to include nonuniform
stagnation pressure effects. This has been done for supercriti-
cal flow in convergent-divergent nozzles,? and that method is
extended to subcritical convergent annular nozzle flows here.
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Previous studies of swirling propulsive flows have concen-
trated on supercritical convergent-divergent nozzles (e.g.,
Refs. 9-12), using a variety of methods from quasi-one-
dimensional,® through the method of characteristics (with a
series expansion to allow for nozzle curvature!?), to time
marching.!! An extensive survey is contained in Ref. 1 and up-
dated in Refs. 2-4. Most recently, Kornblum et al.!? published
results for supercritical swirling flows in annular, convergent-
divergent nozzles. They used a time-dependent method to
define the (curved) sonic line and a method of characteristics
scheme for the supersonic flow. Their analysis was limited to
the special case of a free vortex. No previous results have been
found for the case presented here, with subcritical swirling
flow in a convergent, annular nozzle.

Analysis for Uniform Stagnation Conditions

It is assumed that the effects of nozzle wall curvature can be
ignored so that the flow at the nozzle exit is equivalent to that
in an infinitely long cylindrical duct. It is also assumed, for
this part of the analysis, that the swirl velocity is introduced by
stationary blades so that (for an inviscid, non-heat-conducting
gas) the entropy and stagnation enthalpy are uniformly con-
stant throughout the flow. Using the same assumptions, Car-
penter and Johannesen! have shown that the Crocco vorticity
theorem reduces to

vden) || dw_
r dr dr ~

0 M

Integrating Eq. (1) across the exit plane of an annular nozzle
and nondimensionalizing velocities by a . gives

W =(Q: - Vi +25)” @

where

dr’

S = re K, d(Vr")
rr’odr

The pressure p and density p at the nozzle exit plane are
obtained from the isentropic relations, namely,

<‘p—>7_1 N <p£>(7_my= e I e
Ao, 0 y+1

These relationships also allow the term Q, in Eq. (2) to be
evaluated, since at the nozzle lip p = p,, the ambient pressure.

Before performance parameters can be developed, the effect
of a swirling fan stream on the core nozzle buried within it
needs to be considered. In general, swirl produces a static
pressure gradient across the stream, thereby reducing the back
pressure for the core nozzle. The present approach has been to
specify a swirl velocity profile at the fan nozzle exit and then
to determine conditions downstream in the plane of the core
nozzle exit. Thus, conservation of angular momentum be-
tween planes 1 and 2 (see Fig. 1) gives

V2r = Vlr 1 (4)

Streamline positions at plane 2 can be determined from con-
servation of mass as

Re ’ v
= {Ré—z j <"——1 i ") dr{}/ 3)
r 02 W,

Assuming that total velocity remains constant on the jet
boundary (this will be discussed when post-exit thrust is con-
sidered) and using Eq. (4), Eq. (2) becomes

Re ’ ’ v
W= [Qg — V342 g ri dOArd g, }/

ry dl‘f

©

Equations (5) and (6) are solved iteratively for r,.
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Core nozzle
Afterbody cowl
Fan nozzle

Fig. 1 Turbofan nozzle geometry.

Parameters of most significance in assessing nozzle perfor-
mance are the mass flux, impulse function and thrust. These
can all be cast in nondimensional coefficient form, with the
first two being evaluated for each nozzle separately. Thus, the
mass flux and impulse function coefficients for the fan nozzle
are defined as

R
€ hWfrdf
Chpr =2 —_— 7
" Ll (pera R3] @
and
Re  (ps+ pw}) rdr
f T Py
c,,f=2§ LA it bl =3 (8)
R, {p*f+p*fa*f} e

respectively. Similar expressions hold for the core nozzle coef-
ficients. The thrust coefficient can be defined as

C: = t/(psca}c TRE ®

where core nozzle conditions have been chosen as reference.
For a turbofan engine moving with forward speed Vg, the
net standard thrust'* can be shown to bel!’

t:S (pc+pcwc2)dA + Sf(pf"'pfwjg)dA _paAe

_UFS PcWe dA — UFX wafdA + S Deowl dA (10)
c S cowl

where the subscripts on the integrals indicate integration over
the appropriate projected areas.

This expression is obtained by considering the momentum
balance for a control volume that extends from infinity up-
stream laterally sufficiently far that ambient pressure can be
considered to act on the sides and downstream to plane 1, then
following the afterbody cowl and core nozzle exit. It is as-
sumed, for the time being, that ambient pressure acts every-
where over plane 1 beyond the fan nozzle lip. This assump-
tion, however, will be relaxed when post-exit thrust is
considered. )

Using Egs. (7-10), the thrust coefficient can now be written
as

Ct = Acnc + BCnf + C(p/po)cowl - VFCmc - VF Dcmf —FE

()
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Fig. 2 Velocity profiles for V. = 0.5, p./pos = 1/1.5.

where
A=(y. + D/,

C = (R} = R2F:/(Pa/Po)y.

B = (’Yf + DF,
D= 'Y/(a*c/a*f)Fl

E =F,R?

rol { 2 }n/@/—n{% + 1370/(’1c—1)<%> <;,_0> <&>2
! Ye 'Yf+1 2 0/ ¢ a/ f Rex
in Yo + 1 'Yr/(’Y(‘_l)& _1— 2
: Ye 2 0/ ¢ Rex

The coefficient of specific thrust is defined as

Co = G/(Cpe + DCry) 12)

The denominator on the right-hand side corresponds to total
mass flux nondimensionalized with respect to core conditions.

If the fan nozzle back-pressure ratio is given, then the
nondimensional total velocity at fan nozzle lip, Q,., can be
determined from Eq. (3). Hence, if the swirl profile at fan
nozzle exit is specified, the axial velocity profile can be deter-
mined from Eq. (2). The density and pressure profiles can then
be determined from Eq. (3). The fan nozzle mass flux and
impulse function coefficients can now be determined numeri-
cally from Egs. (7) and (8).

Conditions in the core nozzle can be found if the non-
swirling back-pressure ratio (p,/pg). is given. The swirl and
axial velocity profiles in the fan stream outside the core nozzle
exit are determined from Eqgs. (4-6); the pressure profile can
then be determined from Eq. (3) and this gives the modified
back-pressure ratio for the core nozzle. For a nonswirling core
stream, as considered here, the axial velocity then follows
directly from Eqg. (3). Swirling core flows, however, could also
be handled, using the same procedure as for the fan stream. In
either case, Cy,. and C,. can now be evaluated numerically.

The thrust coefficient can now be determined from Eq. (11),
provided that values can be assigned to Vi, (@+./a+s), and
(®/po)eow. For the present calculations the cowl pressure was
taken to be the mean of the pressures at either end of the cowl.
This is discussed further in Ref. 8. The term (@ «./a+s) can be
evaluated from the nonswirling values of the back-pressure
ratios and the ratio of fan to core mass flows. The nondimen-
sional forward speed also depends on this ratio and therefore
can be evaluated for a specified cruise Mach number. Further
discussions of the assumptions and approximations are con-
tained in Ref. 8.
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Fig. 3 Variation of specific thrust with swirl velocity for ¥y = 0.4847
(key as Fig. 2).

Small Perturbation Theory

In the case of weak swirl, analytical expressions can be
produced for C,,rand C,, by following a procedure similar to
that of Carpenter and Johannesen.! The right-hand side of
Eq. (2) is expanded and terms of O(V{) neglected. Approxi-
mate expressions for p/py and p/p, are obtained from Eq. (3)
by expanding and neglecting terms of O(V?). These small
perturbation approximations for Wy, (p/po)s, and (o/po)s are
substituted into definitions (7) and (8) and the integrations
carried out, again neglecting terms of O(V?), to obtain the
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following approximate expressions for the fan stream:

Cos = {20y + DA}V = DQ, [(1 )

el 2 } 2 }
g‘[Qz o] i v VR B

— 1 A —gha+ 93
Cur = {Valys + DA} VOr =D {——2—

| 1+02
+$i[Af('Yf+1) 1} 54

1+ 7,—1}} iy
[A,(7,+1)+y,+1 Sz (14)

where

Ar=1-Q2(y =)/ + 1)

1 V2 1
sA=S ( ,‘) ¢’ Sp= S vigdg
5 \& &

It can be seen that both C,rand C,, depend on S, and Sg so
that a universal swirl parameter cannot be defined, in contrast
to the circular nozzle case, where only the second of these two
integrals was present.?

For a nonswirling core flow, the mass flux and impulse
function coefficients only depend on v, and W,, but the latter
depends on the level of swirl in the fan stream in the plane of
the core nozzle exit. Considering the mass flux coefficient, this
can be written as

Cre = (V2l(ve + 1) = (ye = 1) W21}V DWW, 15

where W, is obtained from Eq. (3). To do this, however, we
need to know the back-pressure ratio, which is determined by
the static pressure in the fan stream at the core nozzle lip. This
in turn depends on W7 and V2, which are given by Eqs. (4) and
(5). In the small perturbation approximation, these are only
required to O(V?), so that r, is needed only to O(1); i.e.,
nonswirling values can be taken. This leads to the expression
for core nozzle back-pressure ratio:

& = & —_L I 2 2}
<po>c <ﬂo> {1 Ay s D Bt Ve Vay a9

where

12=S1 Ve dngn .

L E7 - + 8 dE

and V% = V2/(1 — £ + £2,) in the small perturbation approx-
imation.

Thus, the core nozzle back-pressure ratio can be evaluated.
If it is less than the critical value (p«/pg)c, then W, =1 in
Eq. (15); otherwise, Eq. (3) is used to find W,.. A similar
procedure can be adopted to find C,., and then the four
parameters can be substituted into Eq. (11) to find the thrust
coefficient.

Nonuniform Stagnation Conditions
For the general case of nonuniform inlet conditions, the
right-hand side of Eq. (1) becomes dAy/dr — T'ds/dr. Upon
integrating across the nozzle exit, this gives Eq. (2), but with
S =8;— 38, + 83, where S; was the original integral, and

S, = 2(hge —ho)/ai,

2 [® ds
S3—;2; Srl Tm drl (17)
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The variations of the thermodynamic properties across the
nozzle exit can be expressed in terms of stagnation pressure
variation. Thus,

()52 () @)™
Qoe Qs To. hoe Loe, O,

Furthermore, if the local departure of py from p,, is dp, (say),
then

Po/Poe = 1 + Do/ Doe 19
Since a. varies across the section in general, we write
q?%/a2 = (W2 + V) (as./as)? (20)

(as velocities are now nondimensionalized by @ «.) and

+1 y=D/y |
Qe=’yTl[1“<§—a) ] @n
Y Oe,

We also require the isentropic flow relations

CRONDENES

y—1
=1—1 (W24 12
'y+1( )

’Y et 1 a*g 2
- 31 W+ V2){<a—*> - 1} 2)

For simplicity, the entropy term is now dropped in what
follows, but it could be handled in a similar fashion. At
station 2 (Fig. 1), using conservation of vr and A, along
streamlines, the velocity profiles are given by Eq. (6) (modi-
fied by the addition of — S, inside the square root sign) and
Eq. (4). Equation (5) gives r,, and, as before, this is solved
iteratively using Eqgs. (6) (modified), (4), and (18). The pres-
ence of the total enthalpy term on the right-hand side of
Eq. (6) creates no special difficulty.

Small Perturbation Theory
Small perturbation expressions can be obtained, as before,
by expanding and neglecting terms of O(V?). Thus, Eq. (2)
becomes

Wi =Qe(1 — V2/202 + 5/202) + O(V¢) (23)

where S is as given by Eqgs. (17) and above. Equations (22) and
(23) can now be combined to give an expression for p/p, in
terms of S, swirl velocity, and {(a«./a+)?— 1}, which is as-
sumed to be O(V2).

The performance coefficients will involve terms such as
(0/pxe)r as they are now nondimensionalized by critical condi-
tions at the nozzle lip. This can be written

+ 1\V&r=D 18
L:&fﬁ’.ﬂ:(y__) <1+_ﬂ>_p_ (24)
Pxre  Pxe Poe PO 2 Y Poe/ Po
where subscripts f have been omitted for clarity.
Substituting Egs. (23) and (24) into Eqgs. (7) and (8) gives,
upon integrating, expressions similar to Eqs. (13) and (14) but

with the addition, inside the brackets on the right-hand side
(with the S, and Sp terms), of

2+ (v — DOV [Iv(y + DAISp
and

Q2BAY — A+ Q2(y + DI + [2Ay* + 3Ay + A~ (y + )]
v(y + DASp
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Fig. 5 Swirl angle profiles for Vuu = 0.5, p./py = 1/1.5 (key as
0-63 Fig. 2).
062 Table 1 Engine parameters
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1.0 0.6 0.35 1.4 1.3 1.549 0.4847
0-60
Such linear profiles have been chosen to simplify the analy-
0-59 sis while covering the likely range of swirl effects. To this end,
a minimum swirl velocity of zero was used. Two other profiles
have also been calculated, however. These are the forced
0-58 vortex, a special case of the outer-biased family with
V, = V.£, and the free vortex, where V, = V;£;/£. (These swirl
velocity profiles are shown in Fig. 2, together with the result-
0-57 : L . L — ing axial velocity profiles.) The free vortex is of special inter-
0 0-2 04 06 0-8 1-0
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Fig. 4 Variation of nozzle impulse functions with swirl velocity for
Vi = 0.4847, (p,/po);,. = 1/1.5 (key as Fig. 2). Results of small pertur-
bation theory.

(subscripts f have again been omitted for clarity) for C,s and
C,y, respectively, where

Sp = § e"—°> £d @)
& Oe

Equation (25) can easily be evaluated if we let
8po/Poe = = (Apo/Poc)(1 — §1)/(1 — &) (26)
in which case
Sp = £(Apo/pec)l(1 + £)/6 — £1/3] @7

There is no need to assume such a linear profile; any specified
profile of stagnation pressure can be accommodated and
Eq. (25) integrated numerically. For the present purposes,
however, we shall use Eq. (26) to illustrate the effects of pg
gradients and swirl.

Results and Discussion

To assess the impact of swirl on nozzle performance using
the present theory, swirl velocity profiles need to be specified
at nozzle exit. Three families having linear variations with
radius have been considered here; thus,

Vi=Vit (Ve —V)E—£)/(1=§) (28)

The three families are referred to as inner-biased, uniform, or
outer-biased swirl, depending on whether (V, — V;) is nega-
tive, zero, or positive, respectively. These definitions differ
from those used previously.?

est, since in practice other swirl profiles tend to migrate to-
ward this type for sufficiently long duct lengths. Analytically,
however, it is a special case [as can be seen from Fig. 2 and Eq.
(2)] and as such is not a good test of our theory.

The engine parameters that were used as the basis for the
present calculations are given in Table 1. The value of Vp
corresponds to a flight Mach number of 0.72. The present
study was limited to swirl in the fan nozzle with nonswirling
core nozzle flow, although swirl in either or both nozzles can
be handled.® Both nozzles were taken to be operating at the
same back-pressure ratio, with two values being used: (p,/
Po)sc = 1/1.89 and 1/1.5.

The effect of swirl on specific thrust is indicated in Fig. 3 for
uniform stagnation pressure and two different back-pressure
ratios. It can be seen that specific thrust decreases with in-
creasing swirl and that the rate of decay depends on the swirl
velocity profile. (Surprisingly, the free vortex and forced vor-
tex produce almost identical thrust performances.)

The origins of the thrust loss can be found by examining
Eq. (11) and Fig. 4. Although the core impulse function
increases (until the core nozzle chokes), the fan impulse func-
tion falls faster. At the same time, the mass flux coefficients
show similar trends to the respective impulse functions. Thus,
fan mass flow decreases, but core mass flow increases until the
nozzle chokes.

The other term in the thrust equation which is affected by
swirl is the cowl pressure. This decreases with swirl. The
present calculations have all assumed the cowl pressure to be
the average of the pressures at the inner radii at planes 1 and
2. In practice the cowl pressure will vary with distance along
the cowl in a fashion depending on cowl shape and swirl type.
The other aspect of cowl flow which cannot be assessed here
is afterbody friction drag. It is not clear how swirl will affect
the cowl boundary layer.

From Fig. 3, it might at first sight appear that uniform swirl
produces the greatest impact on thrust, with outer-biased swirl
having the least effect. This comparison, however, has been
made on the basis of maximum swirl velocity (V). A more
common measure of swirl is the swirl angle, radial variations
of which are shown in Fig. 5 for five different swirl velocity
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profiles at a common V,,. When thrust coefficient is plotted
against maximum swirl angle (., free and forced vortices
are no longer indistinguishable, but uniform swirl continues to
have the greatest impact and outer-biased swirl the least (Fig.
6).

In Fig. 7, thrust coefficient is plotted against a swirl
parameter. S’. This is the nondimensional angular momen-
tum used by Kornblum et al.!? and other workers. On this
basis, the inner-biased profile is the worst and the forced
vortex is the best, with uniform swirl producing a much better
relative performance than before.

Which is the “‘right’’ swirl parameter? The answer depends
on the context in which the question is posed. If one were
interested in using swirl to reduce noise,’ then a measure of
noise attenuation would be the most appropriate swirl
parameter. If the interest is in mass flow control,® then thrust
should be plotted against mass flow change. The small pertur-
bation analysis has shown [Eqs. (13) and (14)] that there is no
compact ‘‘universal’’ swirl parameter, by contrast with the
circular nozzle case,?” and that the swirl parameter S’ used by
previous workers!? is an entirely arbitrary choice.

We turn now to the effects of nonuniform stagnation con-
ditions. Values for AP in the range = 0.15 have been used to
cover likely practical total pressure gradients. Baker's shows
a realistic fan nozzle stagnation pressure profile close to
AP = —0.14 (but with the peak p, just inboard of the fan
nozzle outer wall). Figure 8 illustrates the effect of stagnation
pressure gradient on specific thrust coefficient for swirling and
nonswirling flows at two different nozzle pressure ratios.
From this it can be seen that the effects of swirl and stagnation
pressure gradient are effectively additive. Thus, any thrust vs
swirl curve will be displaced by the introduction of non-
uniform py.

For these calculations, the average stagnation pressure (Do)
was kept constant, where p, was defined such that {po dr
across the nozzle exit was the same for all profiles. Some
additional calculations were also performed in which py was
defined such that [por dr was constant, but these results dif-
fered little from the originals. In either case, the fan nozzle
pressure ratio was (p,/DPo)s = (Da’/Po)c = 1/1.5.

-On this basis, the effect of a linear stagnation pressure
gradient is to ‘‘rotate” the axial velocity profile in the same
sense as po (i.e., AP <0 increases W at the outer radii), which
agrees with Baker.!® This has the effect of decreasing fan
nozzle impulse function for AP <0 and decreasing mass flux,
but by a lesser amount. The reverse applies for AP >0.

The effect of fan nozzle stagnation pressure gradients on the
core nozzle performance is less straightforward. Increasing the
magnitude of AP causes an increase in C,,. and Cp at low
swirls. At zero swirl, this increase depends only on |AP|; this
is because Po/Poc = Wa/Poc)(1 — AP?) for zero swirl. As swirl
velocity is increased, however, positive values of AP cause
larger C,,c and C, increases than negative values. Thus, for
outer-biased swirl at Vx> 0.4, there are larger C,,. and C,.
produced by AP = 0.1 than by AP = —0.15, with choking
occurring at a slightly lower swirl level. As can be seen from
Table 2, however, the overall fractional changes in core nozzle
parameters decrease with increasing swirl (until they are zero
at choking) and are, in any case, small by comparison with the
changes in other parameters.

It should be pointed out that the analysis used here does not
link any particular swirl profile with a stagnation pressure
profile. This, it is felt, corresponds to a stagnation pressure
gradient introduced by the fan with the swirl profile being
produced (or, rather, modified from that at fan exit) by exit
guide vanes.

In all the results discussed so far, it has been assumed that
the total velocity remains constant along the fan jet outer
boundary at a value determined by p,/pys. In forward flight
conditions, however, the external pressure at the fan nozzle lip
may differ from ambient,!” taking a value p,, say. The thrust
component that results from this is post-exit thrust'* and has
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Fig. 6 Variation of thrust with swirl angle for V; = 0.4847,
(Pa/po)s,c = 1/1.5 (key as Fig. 2). Results of small perturbation theory.
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Fig. 7 Variation of thrust with swirl parameter S’ for V; = 0.4847,
@/po)s,c = 1/1.5 (key as Fig. 2). Results of small perturbation theory.

Table 2 Effects of stagnation pressure gradients
on engine performance parameters

% change with:

Value at

Quantity AP =0 AP =0.15 AP = —0.15
Nonswirling flow:

Cry 0.6122 +15 —11.5

Cyr 0.6259 +19.5 —-21

Cre 0.9653 + 0.8 + 0.8

Ce 0.9826 + 04 + 04

Deowl 0.6667 +23.6 ~21.4
Swirling flow (Vgax = 0.5, outer-biased):

Coy 0.5778 +15 —-12

Cyr 0.5889 +20.6 —22.2

Crne 0.9940 + 04 + 0.1

Chre 0.9968 + 0.2 + 0.1

Peowl 0.6154 +23.8 ~21.5
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Fig. 8 Variation of specific thrust with total pressure gradient for
outer-biased swirl with ¥y = 0.4847. Results of small perturbation
theory.
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Fig. 9 Variation of post-exit thrust with swirl for C,, = — 0.2, Vy =
0.4847, (p./po)sc = 1/1.5. Results of small perturbation theory.
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previously been shown to be small for supercritical jets.> For
the present case, post-exit thrust can be estimated for any
given p,, provided that the pressure acting on the outside of
the fan stream at plane 2 (p) can be specified. If it is then
assumed that adjustment between plane 2 conditions and am-
bient conditions at downstream infinity takes place isentropi-
cally,'*? then post-exit thrust can be determined.

Calculations have been performed based on two different
assumptions for p,. The first assumption was that ambient
pressure was reached on the jet boundary by plane 2, and
the second assumption was that p, = p,. In both cases,
DPp/pa =0.929, which corresponds to C,, = — 0.2. Post-exit
thrust was calculated as the difference between total thrust
and net standard thrust, where total thrust is determined by
considering momentum balance for a control volume that
extends to downstream infinity.

Results are presented in Fig. 9, from which it can be seen
that there is little difference between the two assumptions for
De2 at high swirls, compared with the effects of swirl itself.
Initially, post-exit thrust is small and positive, due to the
increased fan stream impulse function in the presence of the
lower fan nozzle back pressure. Mass flux also increases (com-
pared with ambient back pressure), but this is a smaller (nega-
tive) component of thrust. Post-exit thrust decreases with
swirl, in contrast with earlier findings for supercritical jets.3
At high swirl levels it becomes fairly large and negative, con-
tributing a drag component that cannot be neglected. This is
primarily due to the increase in fan nozzle mass flow (intake
momentum drag) in the presence of the reduced back pressure.
Thus, when considering total thrust variation with swirl, the
falloff will be even more dramatic than that shown in Figs. 3,
6, and 7 (for a cowl shape giving C,, = —0.2). The relative
performance of the various swirl profiles, however, does not
seem to change when post-exit thrust is taken into account.

It should be pointed out that most of the results presented
here are of calculations at the high back-pressure ratio (1/1.5).
As can be seen from Fig. 3, this exaggerates the percentage
change in thrust. Furthermore, the small perturbation theory
has been used for most cases presented here, and, as also
shown in Fig. 3, this slightly overestimates the thrust loss at
high swirl levels but by an amount that depends on nozzle
pressure ratio and is thus smaller at the higher back-pressure
ratio used here. Also, streamline curvature is neglected, and
this tends to oppose swirl in its effects.

Conclusion

A quasicylindrical theory has been developed for subcriti-
cal, swirling flows in annular nozzles. A small perturbation
theory, which involves even less computational time, has also
been developed. This has been shown to give good agreement
with the more accurate approach, even for quite high swirl
levels, particularly for higher back-pressure ratios.

Using these theories, it has been shown that thrust decays
with swirl at a rate that depends on the swirl profile (radial
variation of swirl velocity). The swirl profile giving the lowest
thrust loss depends on the basis of comparison, which in turn
depends on the context in which the question is posed. No
compact ‘‘universal’’ swirl parameter exists for this case.

The loss of thrust is primarily due to the reduction in fan
nozzle impulse function and lowered pressure on the after-
body cowl. The increase in core nozzle impulse function due to
the lower back pressure caused by swirl is insufficient to
compensate for this loss for the type of engine studied here.

Both the quasicylindrical and small perturbation theories
have been extended to allow for radially nonuniform stagna-
tion pressure. Calculations for linear p, profiles have shown
that thrust decreases as the profile becomes more outer-biased
(higher p, at higher r) but increases for inner-biased p, pro-
files. Outer-biased profiles are more likely to occur in practice,
since these correspond to high-work fan tip sections.

As with swirl, the major impact of stagnation pressure
gradients is on fan nozzle impulse function and afterbody
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cowl pressure. Swirl has an approximately additive effect on
thrust in the presence of nonuniform stagnation conditions.

Finally, the impact of post-exit thrust has been estimated
for a typical pressure coefficient at the trailing edge of the fan
cowl. Although this thrust component amounts to less than
3% of net-standard thrust in the absence of swirl, increasing
swirl causes decreasing post-exit thrust until it becomes a
substantial drag component.

It is felt that the methods presented here could be of partic-
ular benefit to the propulsion community. They provide a
quick, cheap means of determining the effect on thrust of
swirl and stagnation pressure gradients. The absence of vis-
cous effects in the present calculations could be a useful
feature, since comparisons of these calculations with those
obtained from a viscous code could distinguish viscous effects
from essentially inviscid ones. Streamline curvature tends to
ameliorate the effects shown here, and so the present results
are pessimistic.
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